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Abstract: The one-loop low-energy effective action for non-Abelian N = 4 supersymmet-
ric Yang-Mills theory is computed to order F 6 by use of heat kernel techniques in N = 1
superspace. At the component level, the F 5 terms are found to be consistent with the form
of the non-Abelian Born-Infeld action computed to this order by superstring methods. The
F 6 terms will be of importance for comparison with superstring calculations.
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1. Introduction
There is considerable interest in the issue of deformations of maximally supersymmetric
Yang-Mills theories [1, 2, 3, 4, 5, 6]; for a review see [7]. Such deformations arise in the
context of superstring theories, where the low-energy effective actions for D-branes admit
expansions in powers of the string tension1 α′. The lowest order term is a maximally
supersymmetric Yang-Mills action. For a single D-brane, the terms in the low-energy
effective action which do not contain derivatives of the field strength are known to all
orders in α′: they are given by the Born-Infeld action [8, 9]. In the case when there
are N coincident D-branes, the resulting low-energy effective action has been dubbed the
non-Abelian Born-Infeld action [10], because the lowest order term in the expansion is the
action for SU(N) supersymmetric Yang-Mills theory [11], and it reduces to the Born-Infeld
action in the Abelian case. Due to the Bianchi identity
[Fab, Fcd] = 2i∇[a∇b]Fcd, (1.1)
1The generic structure is of the form
∑
∞
n=0
cn (α
′)n Fn+2, where Fn denotes terms of mass dimension
2n in F and its covariant derivatives. For D-brane probes in the background of a stack of D-branes, the
expansion parameter is not α′, but is determined by the vacuum expectation values of scalar fields which
specify the separation of the probe from the stack.
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it is not possible to consistently truncate the non-Abelian Born-Infeld action to constant
field strength, and so derivative corrections must be considered [7]. As yet, only a few
terms in the α′ expansion of the non-Abelian Born-Infeld action are known.
Of particular interest is the question as to whether supersymmetry is a sufficiently
strong constraint to uniquely specify the form (up to field redefinitions) of the deformation
of a maximally supersymmetric Yang-Mills theory [4, 5]. If this were the case, then any
means to compute a supersymmetric deformation would yield the non-Abelian Born-Infeld
action. In particular, low energy effective actions for supersymmetric Yang-Mills theories
would be related to the non-Abelian Born-Infeld action. However, since the effective action
is dependent on the choice of gauge, with a change of gauge inducing a field redefinition, di-
rect comparison of low-energy effective actions with deformations obtained by other means
is potentially nontrivial.
The F 5 contributions to the non-Abelian Born-Infeld action have recently been cal-
culated in full by several different methods [12, 13, 14]. In [12], the one-loop low-energy
effective action for N = 4 supersymmetric Yang-Mills theory in four dimensions was cal-
culated using supergraphs, and the result was:
κ1Tr
(
2(∇eF ab)(∇eFbc)F cdFda + 2(∇eF ab)(∇eF cd)FbcFda + (∇eF ab)(∇eFca)FbdF dc
− 1
2
(∇eF ab)(∇eFab)F cdFcd − 1
2
(∇eF ab)(∇eF cd)FabFcd − 1
2
(∇eF ab)(∇eF cd)FcdFab
+2iF abFbcF
cdFdeF
e
a +7iF
abFbcF
cdF eaFde +3iF
abF cdF eaFbcFde − 4iF abF cdFbcF eaFde
)
,
(1.2)
where κ1 is a normalization. On the other hand, Koerber and Sevrin [13] used an approach
based on the requirement that certain BPS solutions should exist to the equations of motion
derived from the non-Abelian D-brane effective action, extending earlier use of this method
for the Abelian case [15]. At order (α′)3, this approach yields2
κ2 Tr
(
F ab(∇aF cd)(∇eFbc)Fde − (∇eF ab)F cd(∇aFbc)Fde − 1
2
(∇eF ab)(∇eFca)FbdF dc
−1
2
(∇eF ab)Fda(∇eFbc)F cd + 1
8
(∇eF ab)F cd(∇eFab)Fcd (1.3)
− i
10
F abFbcF
cdFdeF
e
a −
i
2
F abFbcF
cdF eaFde −
i
2
F abF cdFbcF
e
aFde +
i
7
F abF cdF eaFbcFde
)
,
where κ2 is a normalization constant. Comparison of (1.2) and (1.3) is not straightforward
due to the identity (1.1). However, when written using the basis for the various tensor
2Partial results at order (α′)3 had previously been obtained in [16], [17] and [18]. F 5 terms in ten
dimensional super Yang-Mills were given in [19].
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structures adopted in (1.3), the result (1.2) takes the form
8κ1 Tr
(
F ab(∇aF cd)(∇eFbc)Fde − (∇eF ab)F cd(∇aFbc)Fde − 1
2
(∇eF ab)(∇eFca)FbdF dc
−1
2
(∇eF ab)Fda(∇eFbc)F cd + 1
8
(∇eF ab)F cd(∇eFab)Fcd (1.4)
+
3i
20
F abFbcF
cdFdeF
e
a +
i
8
F abFbcF
cdF eaFde −
i
2
F abF cdFbcF
e
aFde +
33i
40
F abF cdF eaFbcFde
)
,
As can be seen, the terms containing covariant derivatives of the field strength coincide
with (1.3), but the terms without covariant derivatives differ [13, 20].
A number of tests have successfully been applied to confirm that expression (1.3)
is consistent with string theoretic predictions [20, 21]. Most recently, a string theory
calculation of the full five-point scattering amplitude for gluons has been carried out [14],
from which it is inferred that the corresponding low-energy effective action has precisely
the order (α′)3 terms (1.3). This technique was first applied at order (α′)2 by Gross and
Witten [22]. Other approaches have also provided information on the Born-Infeld action
at this order [23, 24, 25].
In this paper, the one-loop low-energy effective action for non-Abelian N = 4 su-
persymmetric Yang-Mills theory is calculated in N = 1 superfield form through to order
F 6. The technique employed is a modification of that developed in [26, 27] based on the
properties of ‘moments’ of heat kernels3. At order F 5, extraction of components from the
resulting superfield expression yields (1.3), rather than (1.2). The fact that three different
means to calculate a F 5 deformation of supersymmetric Yang-Mills theory yield the same
result (1.3) is evidence for the existence of a unique deformation at this order. If indeed this
is the case, it also suggests that the F 5 terms in the low-energy effective action for N = 4
supersymmetric Yang-Mills theory are not renormalized beyond one-loop. The one-loop
non-Abelian F 6 terms computed in this paper are potentially important for comparison
with recent string theoretic results [30, 31, 32], as are the recently computed two-loop
Abelian F 6 terms [33].
The paper is organized as follows. Firstly the quantization of non-Abelian N = 4
supersymmetric Yang-Mills theory in N = 1 superfield form is briefly reviewed, including
the background field method, heat kernels and zeta function regularization. In Section 3
a general expression adapted to the asymptotic expansion of the heat kernel is derived.
This expression is then used in Section 4 to compute the F 5 terms in the low-energy
effective action in superfield form, from which we extract the bosonic component and make
comparisons with the results (1.2) and (1.3). In Section 5 we explain how the technique
generalizes to allow a computation of the F 6 terms in the one-loop low-energy effective
action, and the full superfield result can be found in the Appendix B. Some comments on
the form of the result are included in Section 6.
We adopt the conventions and notation of [34] and [35].
3For an alternative technique, see [28, 29].
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2. Quantization of N = 4 super Yang-Mills
The non-Abelian N = 4 supersymmetric Yang-Mills action cast in N = 1 superfield form
is
S =
1
g2
Tr
(∫
d8z e−2V Φ¯ie
2V Φi +
1
4
∫
d6z WαWα +
1
4
∫
d6z¯ W¯α˙W¯
α˙
+
√
2
3!
∫
d6z ǫijk[Φi,Φj]Φk +
√
2
3!
∫
d6z¯ ǫijk[Φ¯i, Φ¯j ]Φ¯k
)
, (2.1)
where
Wα = −1
8
D¯2(e−2VDαe
2V ) (2.2)
and Φi (i = 1, 2, 3) are chiral superfields. All superfields are Lie-algebra valued, for
example Φi = Φ
I
i T
I , with the Hermitian generators T I satisfying:
[T I , T J ] = if IJK TK . (2.3)
In the N = 1 background field formalism for supersymmetric non-Abelian gauge the-
ories [36], it is necessary to introduce a nonlinear background-quantum splitting to ensure
a gauge invariant effective action. Defining
e2V ≡ ewew¯, (2.4)
the background-quantum splitting is given by
ew = ewBewQ , (2.5)
or equivalently
e2V = ewBe2VQew¯B (2.6)
where the subscripts B and Q denote background and quantum pieces respectively. Since
we will be performing a one-loop calculation it is only necessary to retain terms quadratic
in quantum fields in the action. After background covariant gauge fixing [36, 37], the
quantum quadratic action for N = 4 super Yang-Mills becomes
Squad =
∫
d8z VQ (∆1 −m2) VQ (2.7)
where
∆1 = DaDa −WαBDα − W¯ α˙BD¯α˙. (2.8)
The mass m2 = |ΦB|2 is introduced via a constant chiral scalar superfield background ΦB,
and the low-energy effective action has an expansion in inverse powers of m2. The WB’s
and D’s are background superfield strengths and background gauge covariant derivatives
respectively, defined and related by (dropping all B subscripts):
Dα = e−wDαew, D¯α˙ = ew¯D¯α˙e−w¯
Da = −1
2
(σ˜a)
α˙αDαα˙ = − i
4
(σ˜a)
α˙α{Dα, D¯α˙} (2.9)
[D¯α˙,Dββ˙ ] = 2iεα˙β˙Wβ, [Dα,Dββ˙] = 2iεαβW¯β˙.
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One can efficiently calculate the one-loop effective action through zeta function regu-
larization, and it is just −12 ζ ′(0), where the zeta function is defined by
ζ(s) =
µ2s
Γ(s)
∫
∞
0
dt ts−1e−tm
2
K(t). (2.10)
In this expression µ is the renormalization point and K(t) is the functional trace of the
heat kernel associated with the operator ∆1,
K(t) = Tr
∫
d8z lim
z′→z
et∆1δ(8)(z, z′) ≡ Tr
∫
d8z lim
z′→z
K(z, z′, t). (2.11)
Here Tr denotes the trace over gauge indices and δ(8)(z, z′) is the superspace delta function,
δ(8)(z, z′) = δ(4)(x, x′)δ(2)(θ − θ′)δ(2)(θ¯ − θ¯′). (2.12)
Introducing a plane wave basis for the delta functions,
δ(4)(x, x′) =
∫
d4k
(2π)4
eik
aωa (2.13)
δ(2)(θ − θ′) = 4
∫
d2ǫ eiǫ
α(θ−θ′)α , δ(2)(θ¯ − θ¯′) = 4
∫
d2ǫ¯ eiǫ¯α˙(θ¯−θ¯
′)α˙ (2.14)
where
ωa = xa − x′a − iθσaθ¯′ + iθ′σaθ¯, (2.15)
and defining ∫
dη = 16
∫
d4k
(2π)4
∫
d2ǫ
∫
d2ǫ¯, (2.16)
K(z, z′, t) becomes
K(z, z′, t) =
∫
dη eik
aωaeiǫ
α(θ−θ′)αeiǫ¯α˙(θ¯−θ¯
′)α˙et∆ (2.17)
with
∆ = XaXa −WαXα − W¯ α˙X¯α˙. (2.18)
Here, the X’s are defined by
Xa = Da + ika
Xα = Dα + iǫα − kαα˙(θ¯ − θ¯′)α˙ (2.19)
X¯α˙ = D¯α˙ + iǫ¯α˙ + kαα˙(θ − θ′)α,
and satisfy the algebra
{Xα,Xβ} = {X¯α˙, X¯β˙} = 0, {Xα, X¯α˙} = −2iXαα˙, [Xa,Xb] = Gab
[Xα,Xββ˙ ] = 2iεαβW¯β˙, [X¯α˙,Xββ˙ ] = 2iεα˙β˙Wβ (2.20)
Gαα˙,ββ˙ = (σ
a)αα˙(σ
b)ββ˙Gab = −εαβ(D¯α˙W¯β˙)− εα˙β˙(DαWβ).
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Taking the limit4 z′ → z in (2.17), one obtains
K(z, t) ≡ lim
z′→z
K(z, z′, t) =
∫
dη et∆. (2.21)
The kernel K(z, t) has an asymptotic expansion in t in the limit t → 0, and the
leading term in the expansion is of order t2. This fact can be seen by making the rescaling
ka → t− 12ka, and by observing that the integral over the fermionic parameters ǫα and ǫ¯α˙
will bring down at least four factors of t. Defining the DeWitt-Seeley coefficients an in the
usual manner,
K(z, t) =
1
16π2t2
∞∑
n=0
tnan ai = 0, i = 0, 1, 2, 3, (2.22)
the one-loop effective action then takes the form
Γ(1) ≡ −
1
2
ζ ′(0) = − 1
32π2
∞∑
n=4
(n− 3)!
m2n−4
∫
d8z Tr(an), (2.23)
which is an expansion in inverse powers of the mass parameter. At the component level, the
non-trivial DeWitt-Seeley coefficients, an for n ≥ 4, contain bosonic field strength terms of
the form Fn. The first non-trivial coefficient, a4, is well-known (see for example [38, 39]):
Tr(a4) =
1
3
Tr(2W 2W¯ 2 −WαW¯α˙WαW¯ α˙). (2.24)
Our goal is to compute a5 and a6 in superfield form.
In general the process of asymptotically expanding heat kernels is involved and very
laborious. The most direct route, expanding the exponential et∆, is cumbersome and really
only practical for computing the first non-trivial DeWitt-Seeley coefficient. To calculate
higher order coefficients it is necessary to introduce an efficient algorithm, which is done
in the next section.
3. The differential equation approach
We proceed by modifying the differential equation approach developed in [26, 27]. Briefly,
this approach involves generating a differential equation for K(z, t). By exploiting certain
properties of the kernel, and provided the background is sufficiently simple, the resulting
equation can be solved either iteratively or in some cases exactly by expressing dK(z,t)
dt
in
terms of K(z, t). For more complicated backgrounds, as with the case at hand, it becomes
too difficult to express the differential equation in a form in which it can be solved.
However, the techniques employed in [26, 27] may be used in a rather different way
to facilitate the computation of higher order DeWitt-Seeley coefficients in theories with
arbitrary backgrounds. In this new approach, one does not actually attempt to solve the
differential equation, as we now illustrate.
4This limit is implicitly taken throughout the remainder of this paper.
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We begin by differentiating K(z, t) with respect to t, which yields the differential
equation
dK(z, t)
dt
= Kaa(z, t)−WαKα(z, t)− W¯ α˙Kα˙(z, t), (3.1)
where the notation
KA1A2...An(z, t) =
∫
dη XA1XA2 . . . XAne
t∆ (3.2)
has been introduced, with the integration measure defined in (2.16). Using the identities
0 =
∫
dη
∂
∂kb
(
Xae
t∆
)
(3.3)
and
[A, eB ] =
∫ 1
0
ds esB[A,B]e(1−s)B , (3.4)
it follows that
0 = iδbaK(z, t) + 2it
∫
dη Xa
∞∑
n=0
tn
(n + 1)!
adn∆(J
b) et∆ (3.5)
where
Ja = Xa − i
2
Wσa(θ¯ − θ¯′)− i
2
(θ − θ′)σaW¯ (3.6)
and adn denotes n nested commutators:
ad 0A(B) = B, ad
n
A(B) = [A, ad
n−1
A (B)]. (3.7)
After contraction of vector indices, this becomes
Kaa(z, t) = −
2
t
K(z, t)−
∫
dη Xa
∞∑
n=1
tn
(n+ 1)!
adn∆(J
a) et∆. (3.8)
Similarly, using
0 =
∫
dη
∂
∂ǫβ
(
Xαe
t∆
)
(3.9)
and
0 =
∫
dη
∂
∂ǫ¯
β˙
(
X¯α˙e
t∆
)
(3.10)
it follows that
WαKα(z, t) = −2
t
K(z, t) + (DαWα)K(z, t) +
∫
dη Xα
∞∑
n=1
tn
(n+ 1)!
adn∆(W
α) et∆ (3.11)
and
W¯ α˙Kα˙(z, t) = −2
t
K(z, t) + (D¯α˙W¯ α˙)K(z, t) +
∫
dη X¯α˙
∞∑
n=1
tn
(n+ 1)!
adn∆(W¯
α˙) et∆ (3.12)
respectively.
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Finally, inserting (3.8),(3.11) and (3.12) into the differential equation (3.1) one obtains:
dK(z, t)
dt
− 2
t
K(z, t) =−
∫
dη Xa
∞∑
n=1
tn
(n+ 1)!
adn∆(J
a) et∆
−
∫
dη Xα
∞∑
n=1
tn
(n+ 1)!
adn∆(W
α) et∆
−
∫
dη X¯α˙
∞∑
n=1
tn
(n+ 1)!
adn∆(W¯
α˙) et∆, (3.13)
where the K(z, t) pieces have been brought to the left hand side and the Bianchi identity,
DαWα = D¯α˙W¯ α˙, has been used. The significance of this expression is seen in terms of the
asymptotic expansion (2.22), where the left hand side is
dK(z, t)
dt
− 2
t
K(z, t) =
1
16π2
∞∑
n=0
(n − 4)tn−3an = a5t
2
16π2
+
2a6t
3
16π2
+ · · · (3.14)
It is clear that in this particular combination of the kernel and its derivative, the first
non-trivial coefficient, a4, is absent
5. Exploiting this fact, the objective now becomes to
determine the DeWitt-Seeley coefficients by expanding the right hand side of (3.13) in a
power series in t, and identifying it with the right hand side of (3.14).
The background has been arbitrary to this point. However, from now on it will be
placed on-shell, DαWα = D¯α˙W¯ α˙ = 0, as we are only interested in the on-shell effective
action. Since the summation on the right hand side of (3.13) involves the repetitive calcu-
lation of commutators, it is first useful to establish the following relations:
[∆,Xa] = 2G
b
aXb + (DaWα)Xα + (DaW¯ α˙)X¯α˙
[∆,Xα] = (DαW β)Xβ
[∆, X¯α˙] = (D¯α˙W¯ β˙)X¯β˙ (3.15)
[∆, A] = (DaDaA) + 2(DaA)Xa −Wα(DαA)− W¯ α˙(D¯α˙A)
−(−1)ε(A) [Wα, A} Xα − (−1)ε(A) [W¯ α˙, A} X¯α˙.
From these it is clear that summation will generate a series of objects of the formKA1...Ai(z, t),
which we shall refer to as moments of the kernel6, as defined in (3.2). Furthermore, it is
not difficult to show that to order n in this summation, the moments generated have at
most (n+1) indices. It is convenient to always place these indices in a specific order: first
undotted, then dotted, then spacetime. This can be achieved through the commutation
relations (2.20). With such an ordering, the leading term in a moment’s asymptotic power
5This feature is not particular to the current example. Differential equations of the form (3.13), where
the first non-trivial coefficient is absent, arise naturally when applying these techniques to heat kernels
associated with ‘reasonable’ operators in superspace with arbitrary dimensions. This is most obvious in
ordinary p-dimensional spacetime with Laplace-type operators.
6Occasionally we also use this term to collectively refer to all moments and K(z, t) itself.
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series has the following behaviour7:
KA1...Ap+q(z, t) ∼
1
t2
(
1
t
)[ p2 ]
t4−q = t2−q−[
p
2 ] q ≤ 4 (3.16)
where KA1...Ap+q(z, t) has p spacetime indices, q spinor indices and [
p
2 ] denotes the largest
integer part of p2 . Moments with greater than two undotted or dotted indices vanish as
XαXβXγ = X¯α˙X¯β˙X¯γ˙ = 0.
From these considerations, and by comparison with equation (3.14), the summation
in equation (3.13) truncates at n = 2k − 5 when evaluating ak for k ≥ 5. Moreover, it
turns out that after tracing over gauge indices, the last term in this truncated summation
always vanishes due to the cyclic property of the trace, making it necessary to sum only
to n = 2k − 6. In particular, this means that to evaluate a5 and a6 one is permitted to
truncate at n = 4 and 6 respectively. More explicitly, the terms with n = 2k−5 are always
of the form
t2k−5Mαβα˙β˙b1...b2k−8K
αβα˙β˙b1...b2k−8
(z, t) k ≥ 5 (3.17)
where the coefficient M is some graded commutator. The moment in this expression is
only ever required to leading order in t, and at this order, it is proportional to the identity
matrix in its group indices. Consequently all contributing terms are only proportional to
graded commutators, which vanish under the trace.
4. The F 5 terms
In this section, the calculation of the DeWitt-Seeley coefficient a5 in N = 4 supersymmetric
Yang-Mills theory is discussed. This determines the F 5 terms in the low-energy effective
action.
4.1 Evaluating a5
Before proceeding, it is instructive to examine the differential equation (3.13) in a little
more detail. Since
adnA(BC) =
n∑
m=0
n!
m!(n−m)! ad
n−m
A (B) ad
m
A (C), (4.1)
if A has even Grassmann parity, then
adn∆(J
a −Xa) = i
2
(σa)αα˙ad
n
∆((θ¯ − θ¯′)α˙Wα − (θ − θ′)αW¯ α˙)
=
i
2
(σa)αα˙
(
(θ¯ − θ¯′)α˙adn∆(Wα)− (θ − θ′)αadn∆(W¯ α˙)
)
+Mn (4.2)
where
Mn =
i
2
(σa)αα˙
n−1∑
m=0
n!
m!(n−m)!
(
adn−m−1∆ (W¯
α˙) adm∆ (W
α) + adn−m−1∆ (W
α) adm∆ (W¯
α˙)
)
.
7With arbitrary ordering the behaviour is only slightly more complicated.
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The differential equation (3.13) can then be expressed in the more useful form
dK(z, t)
dt
− 2
t
K(z, t) =−
∫
dη Xa
∞∑
n=1
tn
(n+ 1)!
adn∆(X
a) et∆
−
∫
dη Xα
∞∑
n=1
tn
(n+ 1)!
adn∆(W
α) et∆
−
∫
dη X¯α˙
∞∑
n=1
tn
(n+ 1)!
adn∆(W¯
α˙) et∆
−
∫
dη Xa
∞∑
n=1
tn
(n+ 1)!
Mn e
t∆. (4.3)
To order n in the summation, the last of the four terms on the right hand side will
generate moments with at most n indices (whereas the first three generate moments with
at most n+1). By investigating its powers series behaviour, one ultimately finds that this
last term will not contribute when computing a5, and can safely be ignored.
To illustrate the manner in which the first three terms are evaluated, consider the
n = 1 contribution to the second term. Use of the commutation relations (3.15) gives:
− t
2!
∫
dη Xα[∆,W
α] et∆ =− t
2!
(
(DαAα)K(z, t) + ((DβCβα)−Aα)Kα(z, t)
+ (DαEαα˙)Kα˙(z, t) + (DαBαa)Ka(z, t)
−BαaKαa(z, t) + CαβKαβ(z, t) + Eαα˙Kαα˙(z, t)
)
(4.4)
with
Aα = (DaDaWα)−W β(DβWα), Bαa = 2(DaWα)
Cαβ = {Wα,W β}, Eαα˙ = {Wα, W¯ α˙}. (4.5)
This is further simplified by the vanishing of the coefficient of Kα˙(z, t) due to chirality and
the equations of motion, and CαβKαβ(z, t) vanishes due to the symmetry/antisymmetry
of its indices. Furthermore, the terms involving tK(z, t) and tKa(z, t) will not contribute
to the order of interest, since after expansion both have will have leading terms of order t3.
Curiously, and apparently contrary to equation (3.14), one also finds a term, tKαα˙(z, t),
of leading order t, but all such terms are found to cancel (as they must) when considering
the complete right hand side of (4.3).
There now remains the problem of expanding the contributing moments to the required
order in t. In the current example this does not pose any additional difficulties since it is
only necessary to expand all surviving moments to leading order, and as explained above,
such expressions are readily obtained by directly expanding the exponential. For example:
Kα(z, t) =
∫
dη Xαe
t∆ = − 1
16π2
4t
3!
(WαW¯
2 + W¯ 2Wα − W¯α˙WαW¯ α˙) +O(t2) (4.6)
where the k integral has also been performed (after Wick rotation to a Euclidean metric).
In essence the problem of computing the kernel to subleading order has been reduced to
computing several moments to leading order.
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Carrying out this procedure to order t2 for the entire right hand side of equation (4.3)
for n = 1 to 4, and using the cyclicity of the trace, Tr(a5) can be identified:
Tr(a5) =
1
90
Tr
(
10
(
(DaDaWα)WαW¯ 2 + (DaDaWα)W¯ 2Wα − (DaDaWα)W¯α˙WαW¯ α˙
)
+ 11
(
(DaWα)(DaWα)W¯ 2 + (DaWα)(DaW¯α˙)W¯ α˙Wα − (DaWα)(DaW¯α˙)WαW¯ α˙
)
+ 4
(
(DaWα)Wα(DaW¯α˙)W¯ α˙ + (DaWα)W¯α˙(DaW¯ α˙)Wα − (DaWα)W¯α˙(DaWα)W¯ α˙
)
+ 3(DαW β)WαWβW¯ 2 + 9(DαW β)WαW¯ 2Wβ + 3(DαW β)W¯ 2WαWβ
+ 3(DαW β)W¯α˙WαWβW¯ α˙ − 6(DαW β)WαW¯α˙WβW¯ α˙ − 6(DαW β)W¯α˙WαW¯ α˙Wβ
)
+ c.c. (4.7)
Here the complex conjugate of any term is effectively obtained by replacing all undotted
spinor indices (and unbarred objects) by dotted spinor indices (and barred objects) and
vice-versa. Integrating by parts, the result can be brought into the more compact form
Tr(a5) =
1
30
Tr
(
2
(
(DaDaWα)WαW¯ 2 + (DaDaWα)W¯ 2Wα − (DaDaWα)W¯α˙WαW¯ α˙
)
+
(
(DaWα)(DaWα)W¯ 2 + (DaWα)(DaW¯α˙)W¯ α˙Wα − (DaWα)(DaW¯α˙)WαW¯ α˙
)
+ 5
(
(DαW β)WαWβW¯ 2 − (DαW β)WαW¯α˙WβW¯ α˙
))
+ c.c. (4.8)
The corresponding piece of the one-loop effective action can immediately be deduced by
insertion into equation (2.23).
4.2 a5 at the component level
We are now in a position to extract the component form of Tr(a5). We consider only the
contribution containing the field strength Fab and its covariant derivatives. It is natural
to split the result into two parts and compute their component fields separately. Firstly,
consider only terms with two covariant derivatives:
1
30
Tr
(
2
(
(DaDaWα)WαW¯ 2 + (DaDaWα)W¯ 2Wα − (DaDaWα)W¯α˙WαW¯ α˙
)
+
(
(DaWα)(DaWα)W¯ 2 + (DaWα)(DaW¯α˙)W¯ α˙Wα − (DaWα)(DaW¯α˙)WαW¯ α˙
))
+ c.c.
Using standard techniques (for example, see [35]), it is not difficult to show that the relevant
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component part of this superfield expression is:
1
30
Tr
(
2
(
(∇eF ab)(∇eFbc)F cdFda + (∇eF ab)(∇eF cd)FbcFda + (∇eF ab)(∇eFca)FbdF dc
)
− 1
2
(
(∇eF ab)(∇eFab)F cdFcd + (∇eF ab)(∇eF cd)FabFcd + (∇eF ab)(∇eF cd)FcdFab
)
+ 4
(
(∇2F ab)FbcF cdFda + (∇2F ab)F cdFbcFda + (∇2F ab)FcaFbdF dc
)
−
(
(∇2F ab)FabF cdFcd + (∇2F ab)F cdFabFcd + (∇2F ab)F cdFcdFab
))
(4.9)
where
∇a = ∂a − iAa, [∇a,∇b] = −iFab
Fab = ∂aAb − ∂bAa − i[Aa, Ab], ∇c(Fab) = ∂cFab − i[Ac, Fab].
(4.10)
The ∇2F terms can be converted into F 2-type terms using
∇2Fab = 2i(FacF cb − FbcF ca), (4.11)
thus generating some F 5 terms. The resulting expression can be further simplified by
recognizing that out of the six distinct F 5 structures, only four are linearly independent,
as seen via the following identities:
Tr(F abF deFbcF
c
aFde) =
1
5
Tr(F abFbcF
cdFdeF
e
a)−Tr(F abFbcF cdF eaFde)
+Tr(F abF cdFbcF
e
aFde) +
3
5
Tr(F abF cdF eaFbcFde) (4.12)
and
Tr(F abFbcF
c
aF
deFde) = −3
5
Tr(F abFbcF
cdFdeF
e
a) + Tr(F
abFbcF
cdF eaFde)
+Tr(F abF cdFbcF
e
aFde) +
1
5
Tr(F abF cdF eaFbcFde). (4.13)
Using these, equation (4.9) reduces to
1
30
Tr
(
2
(
(∇eF ab)(∇eFbc)F cdFda + (∇eF ab)(∇eF cd)FbcFda + (∇eF ab)(∇eFca)FbdF dc
)
− 1
2
(
(∇eF ab)(∇eFab)F cdFcd + (∇eF ab)(∇eF cd)FabFcd + (∇eF ab)(∇eF cd)FcdFab
)
+ 4i
(
F abFbcF
cdFdeF
e
a + 3F
abFbcF
cdF eaFde − F abF cdFbcF eaFde + F abF cdF eaFbcFde
))
.
(4.14)
The bosonic component of Tr(a5) coming from the terms in (4.8) with a single covariant
derivative is
− i
12
Tr
(
2F abFbcF
cdFdeF
e
a + 4F
abFbcF
cdF eaFde − 2F abF cdFbcF eaFde
+ F abFbcF
c
aF
deFde + F
abF deFbcF
c
aFde
)
, (4.15)
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which, after the application of (4.12) and (4.13) becomes
− i15Tr
(
2F abFbcF
cdFdeF
e
a + 5F
abFbcF
cdF eaFde + F
abF cdF eaFbcFde
)
. (4.16)
Finally, adding (4.14) and (4.16), one obtains the overall bosonic component of Tr(a5),
1
30
Tr
(
2
(
(∇eF ab)(∇eFbc)F cdFda + (∇eF ab)(∇eF cd)FbcFda + (∇eF ab)(∇eFca)FbdF dc
)
− 1
2
(
(∇eF ab)(∇eFab)F cdFcd + (∇eF ab)(∇eF cd)FabFcd + (∇eF ab)(∇eF cd)FcdFab
)
+ 2i
(
F abFbcF
cdF eaFde − 2F abF cdFbcF eaFde + F abF cdF eaFbcFde
))
. (4.17)
After conversion to the basis used in [13, 14] (see Appendix A), we find exact agreement,
up to an overall multiplicative constant, with equation (1.3), which describes the (α′)3 terms
in the non-Abelian Born-Infeld action.
Conversely we do not find agreement with the results of [12], equation (1.2), where the
component form of the N = 4 super Yang-Mills one-loop effective action is extracted in
several pieces through supergraph techniques8.
5. The F 6 terms
5.1 Expanding moments
Employing the procedure outlined above to compute ak for k > 5 will necessarily in-
volve asymptotically expanding moments to higher than leading order. A prescription will
therefore be required if this scheme is to be generalized. It is possible to appeal to a set of
techniques similar to those already seen in the previous sections.
More specifically, to evaluate any moment to arbitrary order, one proceeds iteratively
by using the following generalizations of the identities (3.3), (3.9) and (3.10):
0 =
∫
dη
∂
∂kb
(
XA1 . . . XAne
t∆
)
(5.1)
0 =
∫
dη
∂
∂ǫβ
(
XA1 . . . XAne
t∆
)
(5.2)
0 =
∫
dη
∂
∂ǫ¯
β˙
(
XA1 . . . XAne
t∆
)
; (5.3)
or by differentiation with respect to t as in (3.1):
dmKA1...An(z, t)
dtm
=
∫
dη XA1 . . . XAn∆
met∆; (5.4)
8It is perhaps worth pointing out that separate agreement (up to overall multiplicative constants) is
found between our equations (4.9) and (4.16), and the corresponding equations in [12], (6.2) and (4.13)
respectively. However, the multiplicative factors differ in each case, and so on assembling the final result,
a discrepancy emerges.
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or by using a combination of the two as in (3.13). Of course, none of this actually com-
putes the moment directly, but is used with the intention of expressing it in terms of other
moments with the same number or more indices, which are generally easier to compute
directly. Using this procedure, expanding a moment to some order will usually require
knowledge of the expansion of several other moments to the same or lower order. Con-
sequently at some point it will be necessary to evaluate at least one moment directly by
expanding the exponential.
5.2 The moment hierarchy and a6
Computing a6 involves summing from n = 1 to 6 on the right hand side of (4.3), which
generates a hierarchy of moments, a partial list being given below (all but K(z, t) required
to subleading order):
Kαβα˙β˙ab(z, t)
Kαβα˙β˙a(z, t) Kαβα˙ab(z, t) Kαα˙β˙ab(z, t) Kαβα˙β˙(z, t)
Kαβα˙a(z, t) Kαα˙β˙a(z, t) Kαβab(z, t) Kαα˙ab(z, t) Kα˙β˙ab(z, t) Kαβα˙(z, t) Kαα˙β˙(z, t)
Kαβa(z, t) Kαα˙a(z, t) Kα˙β˙a(z, t) Kαab(z, t) Kα˙ab(z, t) Kαβ(z, t) Kαα˙(z, t) Kα˙β˙(z, t)
...
Kab(z, t) Kαa(z, t) Kα˙a(z, t) Kα(z, t) Kα˙(z, t)
K(z, t)
Generally speaking, the following structure is present: from top to bottom the moments
decrease in the number of indices, increase in difficulty of expansion, and the exponent of
t in the leading order term increases (each row contains moments with the same leading
order). From left to right, the moments decrease in their difficulty of expansion, and clearly
many are related by complex conjugation.
In the prescription outlined above, the expansion of any moment hinges on having
computed the expansion of a number of those next to or above it in the hierarchy, so
naturally one begins at the top and works down. To be more explicit, consider the following
three examples which cover all important points.
K
αβα˙β˙
(z, t) turns out to be a rather important object in this hierarchy, in that all
others can be expressed in terms of it. It’s power series to subleading order is not difficult
to compute by directly expanding the exponential, and takes the simple form:
Kαβα˙β˙(z, t) = −
1
16π2
4
t2
εαβεα˙β˙ +O(t0), (5.5)
where the t−1 term vanishes due to the equations of motion.
Computing Kαβα˙(z, t) involves the identity
0 =
∫
dη
∂
∂ǫ¯γ˙
(
XαXβX¯α˙X¯β˙e
t∆
)
(5.6)
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which, after the contraction of β˙ and γ˙, leads to
Kαβα˙(z, t) =
∫
dη XαXβX¯α˙X¯β˙
∞∑
n=0
tn+1
(n+ 1)!
adn∆(W¯
β˙) et∆. (5.7)
To leading or subleading order, the summation can be truncated at n = 0 or 2 respectively.
Alternatively, one may have chosen to start with the identity
0 =
∫
dη
∂
∂kb
(
XαXβX¯α˙Xa e
t∆
)
(5.8)
to obtain an expression for Kαβα˙(z, t), but this ends up being far more complicated. In
general, if the moment in question has less than four spinor indices, it is more convenient
to chose the identities (5.2) or (5.3) rather than (5.1). However, if there are four spinor
indices there is no choice and (5.1) must be used.
Summing from n = 0 to 2 in (5.7), one finds that to subleading order, Kαβα˙(z, t) can
be expressed in terms of
t3K
αβα˙β˙ab
(z, t), t2K
αβα˙β˙
(z, t), tK
αβα˙β˙
(z, t) and tKαβα˙(z, t),
where only K
αβα˙β˙
(z, t) is actually required to subleading order. Notice that Kαβα˙(z, t)
is actually expressed in terms of itself (multiplied by t). This is a typical feature of this
approach, and one can either rely on the fact that Kαβα˙(z, t) is already known to leading
order, or bring it to the left hand side and premultiply both sides by an inverse opera-
tor (to appropriate order) to generate an new expression for Kαβα˙(z, t) in terms of only
K
αβα˙β˙ab
(z, t) and K
αβα˙β˙
(z, t).
As a final example, consider expanding the moment Kαβ(z, t) to subleading order.
In this case it is far more convenient to differentiate with respect to t. The power series
expansion of Kαβ(z, t) will look like
Kαβ(z, t) = A+ tB +O(t2), (5.9)
and so,
dKαβ(z, t)
dt
= B +O(t). (5.10)
Therefore, after a little work, to order unity in t (ie t0)
dKαβ(z, t)
dt
= K aαβa (z, t) − W¯ α˙Kαβα˙(z, t). (5.11)
So if both Kαβab(z, t) and Kαβα˙(z, t), which are higher up the hierarchy, are known to
subleading order (to order unity in t), Kαβ(z, t) can immediately be evaluated to subleading
order (ie identify B). Additionally this generates the leading order identity
K
a
αβa (z, t) = W¯
α˙Kαβα˙(z, t), (5.12)
which serves as a useful consistency check.
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Having summed the right hand side of (4.3) from n = 1 to 6 and expanded all surviving
terms to order t3, a6 can be identified (and of course a5 is also recovered in this process).
The final result is given in Appendix B. Due to its size, and the fact that there are many
equivalent ways of presenting the result, it is a significant challenge to find the most compact
and symmetric looking expression. By extensive use of commutation relations, equations
of motion and the cyclicity of the trace, the result is brought into a manifestly real form
involving only seven distinct types of terms, each listed schematically below (where Gab
was defined in (2.20)):
W 2 W¯ 2 D4a, W 2 W¯ 2 Gab D2a, W 3 W¯ 2 Dα D2a, W 2 W¯ 3 D¯α˙ D2a,
W 3 W¯ 3 Dα D¯α˙, W 4 W¯ 2 D2α, W 2 W¯ 4 D¯2α˙ .
Here, for example,W 2 W¯ 2D4a is taken to mean terms which contain (some specific permuta-
tion and contraction of) two chiral superfield strengths, two antichiral superfield strengths
and four spacetime covariant derivatives.
Again the corresponding contribution to the effective action can be obtained by in-
spection, but integrating by parts offers little in the way of simplification. Extraction of
the component form of a6 is now in principle straightforward, and contains F
6-type field
strength terms.
6. Discussion
In this paper, the F 5 and F 6 terms in the one-loop low-energy effective action for N = 4
supersymmetric Yang-Mills theory have been computed in N = 1 superfield form. As
noted in the Introduction, the F 5 terms are consistent with the result (1.3) obtained from
superstring theory, providing evidence for a unique form for the non-Abelian Born-Infeld
action at this order. The F 6 terms in the low-energy effective action have not previously
been computed, and comparison with recent superstring results [30, 31, 32] remains to be
carried out.
It is possible to perform a non-trivial test on the F 6 results. The form of the one-
loop low-energy effective action is known in the Abelian case in the constant field strength
approximation [40, 41], and the coefficient of F 6 is zero. Inspection of a6 reveals that in
the Abelian limit, F 6 contributions for constant field strength can come only from terms
of the form: W 4 W¯ 2 D2α and W 2 W¯ 4 D¯2α˙ (which encompass the last terms in a6 as it is
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given). Explicitly, the result reduces to
1
2520
(
(DαW β)(DβWα)W 2W¯ 2(5 + 5 + 5 + 33 + 19 + 19)
+ (DαW β)(DβWα)W 2W¯ 2(−6 + 8 + 8− 6− 6 + 22)
+ (DαW β)(DβWα)W 2W¯ 2(9− 5
2
− 5
2
− 5)
+ (DαW β)(DγWα)WβW γW¯ 2(14 + 14 + 14 + 42 + 28 + 28)
+ 14(DαW β)(DγWα)WβW γW¯ 2(1 + 1 + 2) + 14(DαW β)(DγWα)WβW γW¯ 2
)
+ c.c.
=
1
24
(
(DαW β)(DβWα)W 2W¯ 2 + 2(DαW β)(DγWα)WβW γW¯ 2
)
+ c.c.
The second term can be rearranged into the same form as the first, since in the Abelian
case,
WαWβ =
1
2
εαβW
2
⇒ (DαW β)(DγWα)WβW γW¯ 2 = −1
2
(DαW β)(DβWα)W 2W¯ 2,
and indeed one finds non-trivial cancellation, consistent with [40, 41].
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A. Change of basis
In this appendix we briefly outline the transformation from the basis used in our result
(4.17), to that of (1.3). For simplicity we introduce the following notation:
s0,0 = Tr(F
abFbcF
cdFdeF
e
a) s0,1 = Tr(F
abFbcF
cdF eaFde)
s0,2 = Tr(F
abF cdFbcF
e
aFde) s0,3 = Tr(F
abF cdF eaFbcFde)
s0,4 = Tr(F
abFbcF
c
aF
deFde) s0,5 = Tr(F
abF deFbcF
c
aFde)
s1,0 = Tr((∇eF ab)(∇eFab)F cdFcd) s1,1 = Tr((∇eF ab)(∇eF cd)FabFcd)
s1,2 = Tr((∇eF ab)(∇eF cd)FcdFab) s1,3 = Tr((∇eF ab)(∇eFbc)F cdFda)
s1,4 = Tr((∇eF ab)(∇eFca)FbdF dc) s1,5 = Tr((∇eF ab)(∇eF cd)FbcFda)
s1,6 = Tr((∇eF ab)Fda(∇eFbc)F cd) s1,7 = Tr((∇eF ab)F cd(∇eFab)Fcd)
s2,0 = Tr((∇eF ab)F cd(∇aFbc)Fde) s2,1 = Tr(F ab(∇aF cd)(∇eFbc)Fde)
s2,2 = Tr(F
ab(∇aF bc)F de(∇eFcd)).
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Using the equations of motion, the Bianchi identity, integration by parts and the cyclic
property of the trace, one can establish the following identities:
s0,4 =− 3
5
s0,0 + s0,1 + s0,2 +
1
5
s0,3 s0,5 =
1
5
s0,0 − s0,1 + s0,2 + 3
5
s0,3
s1,1 =− 1
2
s1,7 + 2is0,5 s1,2 =− s1,0 − 4s2,2 + 4is0,4
s1,3 =− is0,0 − is0,1 + is0,2 + 3is0,3 s1,5 =− s1,6 − s1,4 − 2is0,1 + 2is0,2
− i
2
s0,4 − is0,5 − 2s1,4 − s1,6
+
3
8
s1,7 − 4s2,0 + 4s2,1 − s2,2
In this notation, the bosonic component of Tr(a5), equation (4.17), takes the form:
1
30
Tr(2(s1,3 + s1,4 + s1,5)− 1
2
(s1,0 + s1,1 + s1,2) + 2i(s0,1 − 2s0,2 + s0,3)). (A.1)
Using the above relations, elimination of s1,1, s1,2, s1,3 and s1,5, followed by the further
elimination of s0,4 and s0,5, yields the following expression:
4
15
Tr(s2,1 − s2,0 − 1
2
s1,4 − 1
2
s1,6 +
1
8
s1,7 − i
10
s0,0 − i
2
s0,1 − i
2
s0,2 +
7i
10
s0,3). (A.2)
which up to an overall multiplicative factor, is equation (1.3).
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B. Tr(a6)
Tr(a6) =
1
2520
Tr
(
28(DaDaDbDbWα)
(
WαW¯α˙W¯
α˙ + W¯α˙W¯
α˙Wα − W¯α˙WαW¯ α˙
)
+62(DaDbDbWα)
(
(DaWα)W¯α˙W¯ α˙ + (DaW¯α˙)W¯ α˙Wα − (DaW¯α˙)WαW¯ α˙
)
+62(DaDbDbWα)
(
WαW¯α˙(DaW¯ α˙) + W¯α˙W¯ α˙(DaWα)− W¯α˙Wα(DaW¯ α˙)
)
+44(DaDbDbWα)
(
Wα(DaW¯α˙)W¯ α˙ + W¯α˙(DaW¯ α˙)Wα − W¯α˙(DaWα)W¯ α˙
)
+48(DbDbWα)
(
(DaDaWα)W¯α˙W¯ α˙ + (DaDaW¯α˙)W¯ α˙Wα − (DaDaW¯α˙)WαW¯ α˙
)
+22(DbDbWα)
(
Wα(DaDaW¯α˙)W¯ α˙ + W¯α˙(DaDaW¯ α˙)Wα − W¯α˙(DaDaWα)W¯ α˙
)
+50(DbDbWα)
(
(DaWα)(DaW¯α˙)W¯ α˙ + (DaW¯α˙)(DaW¯ α˙)Wα − (DaW¯α˙)(DaWα)W¯ α˙
)
+50(DbDbWα)
(
Wα(DaW¯α˙)(DaW¯ α˙) + W¯α˙(DaW¯ α˙)(DaWα)− W¯α˙(DaWα)(DaW¯ α˙)
)
+40(DbDbWα)
(
(DaWα)W¯α˙(DaW¯ α˙) + (DaW¯α˙)W¯ α˙(DaWα)− (DaW¯α˙)Wα(DaW¯ α˙)
)
+44(DaDbWα)
(
(DaDbWα)W¯α˙W¯ α˙ + (DaDbW¯α˙)W¯ α˙Wα − (DaDbW¯α˙)WαW¯ α˙
)
+12(DaDbWα)
(
Wα(DaDbW¯α˙)W¯ α˙ + W¯α˙(DaDbW¯ α˙)Wα − W¯α˙(DaDbWα)W¯ α˙
)
+52(DaDbWα)
(
(DaWα)(DbW¯α˙)W¯ α˙ + (DaW¯α˙)(DbW¯ α˙)Wα − (DaW¯α˙)(DbWα)W¯ α˙
)
+52(DaDbWα)
(
Wα(DaW¯α˙)(DbW¯ α˙) + W¯α˙(DaW¯ α˙)(DbWα)− W¯α˙(DaWα)(DbW¯ α˙)
)
+64(DaDbWα)
(
(DaWα)W¯α˙(DbW¯ α˙) + (DaW¯α˙)W¯ α˙(DbWα)− (DaW¯α˙)Wα(DbW¯ α˙)
)
+9(DaWα)
(
(DbWα)(DaW¯α˙)(DbW¯ α˙) + (DbW¯α˙)(DaW¯ α˙)(DbWα)− (DbW¯α˙)(DaWα)(DbW¯ α˙)
)
+26(DaWα)
(
(DaWα)(DbW¯α˙)(DbW¯ α˙) + (DaW¯α˙)(DbW¯ α˙)(DbWα)− (DaW¯α˙)(DbWα)(DbW¯ α˙)
)
+84Gab(DaWα)
(
(DbWα)W¯α˙W¯ α˙ + (DbW¯α˙)W¯ α˙Wα − (DbW¯α˙)WαW¯ α˙
)
+84Gab(DaWα)
(
WαW¯α˙(DbW¯ α˙) + W¯α˙W¯ α˙(DbWα)− W¯α˙Wα(DbW¯ α˙)
)
+60Gab(DaWα)
(
Wα(DbW¯α˙)W¯ α˙ + W¯α˙(DbW¯ α˙)Wα − W¯α˙(DbWα)W¯ α˙
)
−4GabWα
(
(DaWα)(DbW¯α˙)W¯ α˙ + (DaW¯α˙)(DbW¯ α˙)Wα − (DaW¯α˙)(DbWα)W¯ α˙
)
−4GabWα
(
(DaWα)W¯α˙(DbW¯ α˙) + (DaW¯α˙)W¯ α˙(DbWα)− (DaW¯α˙)Wα(DbW¯ α˙)
)
+32GabWα
(
Wα(DaW¯α˙)(DbW¯ α˙) + W¯α˙(DaW¯ α˙)(DbWα)− W¯α˙(DaWα)(DbW¯ α˙)
)
+(DaDaDαW β)
(
16WαWβW¯
2 + 18W¯α˙W
αWβW¯
α˙ + 16W¯ 2WαWβ
+50WαW¯ 2Wβ − 34WαW¯α˙WβW¯ α˙ − 34W¯α˙WαW¯ α˙Wβ
)
+(DaDαW β)
(
16(DaWα)WβW¯ 2 + 24(DaW¯α˙)WαWβW¯ α˙ + 24(DaW¯α˙)W¯ α˙WαWβ
+64(DaWα)W¯ 2Wβ − 40(DaWα)W¯α˙WβW¯ α˙ − 48(DaW¯α˙)WαW¯ α˙Wβ
)
+(DaDαW β)
(
8Wα(DaWβ)W¯ 2 + 12W¯α˙(DaWα)WβW¯ α˙ + 16W¯α˙(DaW¯ α˙)WαWβ
+36Wα(DaW¯α˙)W¯ α˙Wβ − 20Wα(DaW¯α˙)WβW¯ α˙ − 28W¯α˙(DaWα)W¯ α˙Wβ
)
+(DaDαW β)
(
16WαWβ(DaW¯α˙)W¯ α˙ + 12W¯α˙Wα(DaWβ)W¯ α˙ + 8W¯ 2(DaWα)Wβ
+36WαW¯α˙(DaW¯ α˙)Wβ − 28WαW¯α˙(DaWβ)W¯ α˙ − 20W¯α˙Wα(DaW¯ α˙)Wβ
)
+(DaDαW β)
(
24WαWβW¯α˙(DaW¯ α˙) + 24W¯α˙WαWβ(DaW¯ α˙) + 16W¯ 2Wα(DaWβ)
+64WαW¯ 2(DaWβ)− 48WαW¯α˙Wβ(DaW¯ α˙)− 40W¯α˙WαW¯ α˙(DaWβ)
)
+(DαW β)
(
10(DaDaWα)WβW¯ 2 + 16(DaDaW¯α˙)WαWβW¯ α˙ + 18(DaDaW¯α˙)W¯ α˙WαWβ
+44(DaDaWα)W¯ 2Wβ − 26(DaDaWα)W¯α˙WβW¯ α˙ − 34(DaDaW¯α˙)WαW¯ α˙Wβ
)
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+(DαW β)
(
10Wα(DaDaWβ)W¯ 2 + 10W¯α˙(DaDaWα)WβW¯ α˙ + 16W¯α˙(DaDaW¯ α˙)WαWβ
+36Wα(DaDaW¯α˙)W¯ α˙Wβ − 20Wα(DaDaW¯α˙)WβW¯ α˙ − 26W¯α˙(DaDaWα)W¯ α˙Wβ
)
+(DαW β)
(
16WαWβ(DaDaW¯α˙)W¯ α˙ + 10W¯α˙Wα(DaDaWβ)W¯ α˙ + 10W¯ 2(DaDaWα)Wβ
+36WαW¯α˙(DaDaW¯ α˙)Wβ − 26WαW¯α˙(DaDaWβ)W¯ α˙ − 20W¯α˙Wα(DaDaW¯ α˙)Wβ
)
+(DαW β)
(
18WαWβW¯α˙(DaDaW¯ α˙) + 16W¯α˙WαWβ(DaDaW¯ α˙) + 10W¯ 2Wα(DaDaWβ)
+44WαW¯ 2(DaDaWβ)− 34WαW¯α˙Wβ(DaDaW¯ α˙)− 26W¯α˙WαW¯ α˙(DaDaWβ)
)
+(DαW β)
(
4(DaWα)(DaWβ)W¯ 2 + 16(DaW¯α˙)(DaWα)WβW¯ α˙ + 24(DaW¯α˙)(DaW¯ α˙)WαWβ
+44(DaWα)(DaW¯α˙)W¯ α˙Wβ − 20(DaWα)(DaW¯α˙)WβW¯ α˙ − 40(DaW¯α˙)(DaWα)W¯ α˙Wβ
)
+(DαW β)
(
8(DaWα)Wβ(DaW¯α˙)W¯ α˙ + 8(DaW¯α˙)Wα(DaWβ)W¯ α˙ + 12(DaW¯α˙)W¯ α˙(DaWα)Wβ
+28(DaWα)W¯α˙(DaW¯ α˙)Wβ − 16(DaWα)W¯α˙(DaWβ)W¯ α˙ − 20(DaW¯α˙)Wα(DaW¯ α˙)Wβ
)
+(DαW β)
(
12(DaWα)WβW¯α˙(DaW¯ α˙) + 16(DaW¯α˙)WαWβ(DaW¯ α˙) + 12(DaW¯α˙)W¯ α˙Wα(DaWβ)
+40(DaWα)W¯ 2(DaWβ)− 28(DaWα)W¯α˙Wβ(DaW¯ α˙)− 28(DaW¯α˙)WαW¯ α˙(DaWβ)
)
+(DαW β)
(
16Wα(DaWβ)(DaW¯α˙)W¯ α˙ + 4W¯α˙(DaWα)(DaWβ)W¯ α˙ + 16W¯α˙(DaW¯ α˙)(DaWα)Wβ
+36Wα(DaW¯α˙)(DaW¯ α˙)Wβ − 20Wα(DaW¯α˙)(DaWβ)W¯ α˙ − 20W¯α˙(DaWα)(DaW¯ α˙)Wβ
)
+(DαW β)
(
12Wα(DaWβ)W¯α˙(DaW¯ α˙) + 8W¯α˙(DaWα)Wβ(DaW¯ α˙) + 8W¯α˙(DaW¯ α˙)Wα(DaWβ)
+28Wα(DaW¯α˙)W¯ α˙(DaWβ)− 20Wα(DaW¯α˙)Wβ(DaW¯ α˙)− 16W¯α˙(DaWα)W¯ α˙(DaWβ)
)
+(DαW β)
(
24WαWβ(DaW¯α˙)(DaW¯ α˙) + 16W¯α˙Wα(DaWβ)(DaW¯ α˙) + 4W¯ 2(DaWα)(DaWβ)
+44WαW¯α˙(DaW¯ α˙)(DaWβ)− 40WαW¯α˙(DaWβ)(DaW¯ α˙)− 20W¯α˙Wα(DaW¯ α˙)(DaWβ)
)
+14(DαW β)(D¯α˙W¯β˙)
(
WαW¯ α˙W¯ β˙Wβ + W¯
α˙WαWβW¯
β˙ −WαW¯ α˙WβW¯ β˙ − W¯ α˙WαW¯ β˙Wβ
)
+14(DαW β)
(
Wα(D¯α˙W¯β˙)W¯ α˙W¯ β˙Wβ + W¯ α˙(D¯α˙W¯β˙)WαW¯ β˙Wβ
−Wα(D¯α˙W¯β˙)W¯ α˙WβW¯ β˙ − W¯ α˙(D¯α˙W¯β˙)W¯ β˙WαWβ
)
+14(DαW β)
(
W¯ α˙Wα(D¯α˙W¯β˙)W¯ β˙Wβ −WαW¯ α˙(D¯α˙W¯β˙)W¯ β˙Wβ
)
+7(D¯α˙DαW β)Wα
(
2W¯β˙W¯
α˙WβW¯
β˙ + W¯β˙W¯
α˙W¯ β˙Wβ +WβW¯
α˙W¯ 2
−2W¯ α˙W¯β˙WβW¯ β˙ − 2W¯ α˙W¯ 2Wβ − W¯β˙WβW¯α˙W¯ β˙
)
+7(D¯α˙DαW β)W¯ α˙
(
6WαW¯β˙WβW¯
β˙ + W¯ 2WαWβ − 3WαWβW¯ 2 − 3W¯β˙WαWβW¯ β˙ − 2WαW¯ 2Wβ
)
+7(D¯α˙DαW β)W¯β˙
(
2W¯ α˙WαWβW¯
β˙ +WαWβW¯
α˙W¯ β˙ + W¯ α˙WαW¯ β˙Wβ − 3WαW¯ α˙WβW¯ β˙ − W¯ α˙W¯ β˙WαWβ
)
+(DαW β)(DβWα)
(
5W 2W¯ 2 + 5W¯α˙W
2W¯ α˙ + 5W¯ 2W 2
+33W γW¯ 2Wγ − 19W γW¯α˙WγW¯ α˙ − 19W¯α˙W γW¯ α˙Wγ
)
+(DαW β)
(
6W γ(DβWα)W¯α˙WγW¯ α˙ + 8W¯α˙(DβWα)W 2W¯ α˙ + 8W¯α˙(DβWα)W¯ α˙W 2
−6W γ(DβWα)WγW¯ 2 − 6W γ(DβWα)W¯ 2Wγ − 22W¯α˙(DβWα)W γW¯ α˙Wγ
)
+(DαW β)
(
9W 2(DβWα)W¯ 2 + 52W γW¯α˙(DβWα)WγW¯ α˙
+ 5
2
W¯α˙W
γ(DβWα)W¯ α˙Wγ − 5W γW¯α˙(DβWα)W¯ α˙Wγ
)
+(DαW β)(DγWα)
(
14WβW
γW¯ 2 + 14W¯α˙WβW
γW¯ α˙ + 14W¯ 2WβW
γ
+42WβW¯
2W γ − 28WβW¯α˙W γW¯ α˙ − 28W¯α˙WβW¯ α˙W γ
)
+14(DαW β)W¯α˙(DγWα)
(
WβW
γW¯ α˙ + W¯ α˙WβW
γ − 2WβW¯ α˙W γ
)
+ 14(DαW β)W¯ 2(DγWα)WβW γ
)
+ c.c.
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